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Role of diffusion in irreversible deposition
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The adsorption of spheres onto solid surfaces is investigated using a cellular automaton model of diffusion
deposition. Unlike previous models, the diffusive transport of the particles from the bulk to the surface as well
as their interaction with adsorbed particles are explicitly considered at a microscopic level. We study the initial
time regime, which determines the subsequent evolution and during which the particle flux at the surface is not
constant. We observe that diffusion-driven adsorption differs significantly from random sequential adsorption
~RSA! when particles diffuse in a two-dimensional bulk and are adsorbed on a one-dimensional substrate. We
also find that the microscopic details of the diffusive motion influence both the kinetics of deposition and the
jamming limit of the coverage. The RSA model appears to be a good approximation, especially for two-
dimensional deposition, but cannot generally represent diffusion deposition.@S1063-651X~97!05103-9#

PACS number~s!: 68.45.Da, 82.20.Mj, 05.20.2y, 02.70.Rw
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I. INTRODUCTION

The adsorption of proteins and other particles at the so
liquid interface is a widespread process of fundamental
portance in nature. Since many of these adsorption proce
are partly or wholly irreversible, kinetic measurements
sume a particular importance for their investigation. R
cently, the advent of accurate experimental techniques@1#
has increased interest in the theoretical description of
process since verification becomes possible.

The basic ingredients of an irreversible adsorption proc
are~i! transport of the particle from the bulk to the proximi
of the surface and~ii ! subsequent adsorption onto the su
face. Among the large number of possible interactions t
may play a specific role, we focus on the hard-sphere in
actions between preadsorbed and bulk particles. The m
studied model that includes the surface exclusion effec
that of random sequential adsorption~RSA! ~see @2# for a
review!.

The RSA model is characterized by sequential deposi
attempts of particles of unit area at a constant ratec per unit
time and area. Adsorption occurs only under the condit
that there is no resulting overlap. The coverage evolut
ends up in a jammed state in which no gaps large enoug
admit further particle remain. Even though RSA goes dee
into the description of adsorption processes than prev
models such as the Langmuir isotherm@3#, it cannot be en-
tirely correct since coupling between deposition and tra
port is neglected. Hence recent theoretical@4,5# and numeri-
cal @6,7# works have focused on the effect of diffusion on t
kinetics of deposition and the structure of the asympto
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jammed configuration and have established departures f
the RSA predictions.

Nevertheless, a complete description of the diffusio
adsorption~DA! process is still needed. In particular, ve
little is known about the initial adsorption regime. Yet th
early-time behavior is expected to play an important role
the process because the way the first particles are adso
will determine the late spatial coverage structure. Any dep
ture from the RSA jamming limit must be due to the initi
buildup of the deposit. However, the asymptotic rate
deposition is expected to correspond to RSA dynamics
cause in the long-time regime the remaining positions wh
adsorption is still possible are sparse enough for deposi
attempts from the bulk to be decorrelated.

In this paper, we investigate the dynamics and the str
ture of the deposit in a diffusion-driven adsorption proce
and we compare it to the RSA process. Our study is base
a cellular automaton model of diffusion for the particles
the bulk. On the other hand, the deposition substrate
continuum and the excluded volume is treated in its full ge
erality during the adsorption phase. Note that, contrary
previous work, our dynamics are not sequential and we m
have simultaneous adsorption of many particles.

The remainder of this paper is organized as follows. S
tion II describes our cellular automaton model for diffusio
controlled adsorption. Section III presents the numeri
simulations actually carried out. Section IV analyzes the
sults. Concluding remarks appear in Section V.

II. MODEL

Cellular automaton~CA! modeling has already been su
cessfully applied to various problems in physics such as fl
flows @8#, surface reaction models@9#, and reaction-diffusion
phenomena@10–13#. Here we couple a CA model for th
3111 © 1997 The American Physical Society
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3112 55LUTHI, RAMSDEN, AND CHOPARD
transport of particles in the bulk with an adsorption mec
nism for the deposition on the surface. The behavior of
bulk particles is supposed to be purely diffusive and ot
possible effects such as hydrodynamic interactions@14# are
neglected.

Diffusion is modeled as a synchronous random walk o
square lattice of unit mesh size, as described in@15#. The
square lattice is bounded on one side by the surface of d
sition, whereas the opposite side acts as a source of part
with a constant concentrationr ~density of particles per site!.
Periodic boundary conditions are applied to the other sid

On a two-dimensional lattice the random walk is pr
duced by rotating the velocity of the particles by an an
a iP$0,p/2,p,2p/2% chosen at random with probabilit
pi , independently for each site of the lattice. For instan
p2 denotes the probability for the sites to reverse the spee
their incoming particles (a25p) and thus play the role of a
perfect reflector.p15p35p are the probabilities for a
690° scattering. Finally,p0 is the probability of no devia-
tion. The diffusion constantD of the particle motion is de-
termined as@15#

D5~p01p!/@4~12p2p0!# ~1!

in lattice units.
Unlike the bulk diffusion, the deposition~adsorption!

takes place in a continuum. To achieve this, we shift
boundary lattice layer next to the surface of deposition b
uniform valued r randomly chosen at each time step, w
ud ru uniformly distributed in the interval@21/2,11/2#. Thus
the effective deposition attempts occur at positionsr i1d r ,
where r i denotes the integer coordinates of thei th lattice
boundary site occupied by a particle traveling towards
surface. Undoubtedly we have introduced some correlat
between particles adsorbing at the same time, but we bel
these correlations are not important when dealing with sm
concentrations. A constant probabilityq controls the adsorp
tion of a particle provided there is no overlap with previous
adsorbed particles. Once adsorbed, the particle leaves
lattice; otherwise it is maintained at the same lattice site w
an equal and opposite velocity as if it had rebounded fr
the surface~see Fig. 1!. The particles are assumed to b
spherical for convenience, with radius 1/4.

To summarize, a small set of parameters fully determi
our model: the dimensions of the latticeNx (3Ny)3Nz for
line ~surface! deposition; the initial concentrationr
of the bulk in particles per site; the diffusion consta
D as determined by the choice ofp0,p1,p2,p3
(p0,p1,p2,p3,p4,p5), given in@15#; and finallyq, the prob-
ability for adsorption to actually take place. Physically,q
may account for various physicochemical effects hinder
adsorption such as electrostatic repulsion, hydration re
sion, or selective molecular recognition.

III. TIME AND PARAMETERS

There are two major reasons why a DA process diff
from the predictions of a RSA model:~i! temporal evolution
and~ii ! correlations of the deposition rate. The first is eas
eliminated by appropriately choosing how time is measur
For a RSA process, time is naturally the total number
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deposition attempts per unit surface, but for a DA proc
time is naturally defined through the diffusion phenomena
order to make significant comparisons between RSA and
we choose to define a generalized dimensionlessdeposition
time t as the the average cumulative sum of deposition
tempts per unit surface from the begining of the process
to the observed~laboratory! time t,

t5E
0

t

du
s

SES
dx c~x,u!, ~2!

where c is the microscopic deposition rate,s is the area
occupied by an adsorbed particle, andS is the area of the
deposition surfaceS initially available.

If c were homogeneous over space, corresponding
mean-field time-dependent deposition ratec(t), the DA pro-
cess would be indistinguishable from the RSA process, p
vided that the appropriate renormalization had been car
out, but this is not the case, as will be shown in Sec. IV. F
RSA, both the kinetics of the coverage fractio
u(t)5sn(t)/S ~where n is the number of deposited pa
ticles! and the jamming limituJ are well known. For spheri-
cal objects we haveu j2u(t)}t21/d, whereu j'0.7476 . . .
for d51 @16# andu j'0.547 . . . for d52.

Note that d indicates the dimension of the adsorptio
space, meaning that our model introduces bulk diffusion o
(d11)-dimensional lattice. For the cased51, our simula-
tions were performed on a lattice of sizeNx52048 and
Nz564. The initial concentration was fixed in the ranger
P@0.1,0.4#, sufficently low to avoid strong correlations be
tween depositions occurring at the same time. The diam
of the particless was fixed at half the lattice size.D is
chosen in the range@0.01,0.25# and finallyqP@0.25,1#. For
each set of control parameters 100 simulations were car
out and the results were averaged.

IV. RESULTS

A. The initial regime

Clearly, the very early regime (t!1) of both DA and
RSA processes behaves asu}t since every deposition at

FIG. 1. Discrete diffusion on the lattice and continuum depo
tion on the surface.d r is randomly chosen at each time step a
shifts all deposition attempts occurring at that time step. The de
sition is accepted only if there is no resulting overlap~caseA);
otherwise the particle stays on the lattice with equal and oppo
velocity as if it were reflected by the preadsorbed particles~case
B).
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55 3113ROLE OF DIFFUSION IN IRREVERSIBLE DEPOSITION
tempt must be successful. Later on, but still during the ini
phase, the exclusion effect of the partly covered surf
slows down the process. For RSA the deposition attempts
fully uncorrelated and the following mean-field-like expre
sion holds:

du

dt
5Jf. ~3!

J is the rate of deposition:JRSA51 according to the defini-
tion of t. f(u) is the fraction of surface available for dep
sition, for which several expansions have been given a
function of the coverage@17#. During a DA process the dif-
fusion correlates the deposition attempts and thus invalid
the left-hand side of Eq.~3!.

These correlations lead to a jamming coverage depen
on the details of the transport process. We focus on this
concomitant slight changes in the structure of the depos
Sec. IV B. Here we assume as a first approximation that

fRSA~u!5fDA~u!. ~4!

To first order, these correlations lead to an overestimatio
J: some particles becometrapped in growing zones of ex-
cluded surface in which all successive deposition attem
will fail. Consequently, we may rewrite Eq.~3! as

duDA
dt

5@12k~t!#f~uDA!. ~5!

Due to the approximation~4! a time delayf (t) can fully take
into account the difference between the two kinds of proc
such that

uDA~t!5uRSA„t2 f ~t!…. ~6!

It is straightforward to determinef numerically~see Fig. 2!.
By substituting Eq.~6! into Eq.~5!, it can be given a physica
interpretation by noting thatf 85k, the flux correction, or the
flux of particles trapped as described above.

Figure 2 shows the typical evolution ofk, which, inde-
pendently of the simulation parameter values, starts at ze
t50 and subsequently passes through a maximum aro
t51. This is in accord with the concept of trapped particl

FIG. 2. Comparison between RSA and DA processes. The
coverage was averaged over 100 simulations with the following
of parameters:r50.1, D50.25, andq51.0 (Nx52048,Ny564,
ands50.5). The figure shows the RSA coverageuRSA, the cover-
age ratio uDA /uRSA, f (t), and k(t)5 f 8, the so-called flux of
trapped particles.
l
e
re

a

es

nt
nd
in

of

ts

ss

at
nd
,

which must clearly appear progressively and yet are o
significant in the initial regime. Later, the rate of increase
the covered surface is slow enough to allow the effect
decorrelation ofJ.

The effect of the simulation parametersr,D,q on the
magnitude ofk can readily be deduced from the above arg
ments and is indeed confirmed by our simulations. Asq de-
creases andD increases, DA becomes indistinguishable fro
RSA since the correlations are no longer important. Mo
over, these two conditions as well as larger promote the
rapid establishment of a constant flux, whereupon the
tinction betweent andt becomes superfluous and an RS
like process is observed in laboratory time.

B. The jammed state

In the preceding subsection we assumed that the jam
state was unaffected by diffusion. This is not strictly true, b
the discrepancy appears to be a higher-order effect. In Fi
we plot the valueu j as a function ofD. It has already been
observed in@7# that u j may differ from the RSA value for
DA processes. Here we show a more precise relation
tweenu j and the kinetics of the bulk particles. Actually, w
observe thatu j depends on the details of the random wa
different choices ofpi yield different values ofu j . It is not
merely thatu j is a function of the diffusion coefficientD
since the functionD5D(pi) is not one to one: due to th
memory effects of the adsorption process, fine microsco
aspects of the bulk dynamics are visible in the jamming lim
and even in the structure of the deposit.

More intuitively, our observations can be summarized
follows. The more efficiently the diffusing particles visit th

A
et

FIG. 3. Jamming coverage fractionu j , for r50.1 andq51.0,
as a function of the diffusion coefficient of bulk particlesD ~in
natural lattice units!. The dashed line indicates the RSA jammin
value for comparison. The filled squares are obtained by impos
an extra relation among thepi ’s. The error bars arise from the
statistical analysis over a sampling of 50 simulations. The solid
is merely to guide the eye. The empty squares correspond to
extreme choices ofpi for the caseD51/4, namely,p2!1 for the
smallest value ofu j andp2'1/2 for the highest.
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3114 55LUTHI, RAMSDEN, AND CHOPARD
bulk ~either because of an increasing diffusion constant o
significantp/2 rotation probability or because of a bigg
flux of new particles, i.e.,r) after having been rejected b
the covered surface, the less efficiently they cover the sur
at jamming.

We focus now on the structure of the jammed state.
was recently shown for the RSA of dimers on a discr
one-dimensional lattice@18#, there are evident traces of th
arrival history in the jammed state and this provides a diff
ent framework to discriminate between RSA and DA p
cesses: the mean averaged gapg(t), defined later in Eq.~8!,
around adsorbed particles is a decreasing function of t
age of deposition and may depend on the type of proces
order to carry out the comparison between DA and R
processes, we first generalize Ziff’s calculations@18# to the
case of the continuum adsorption surface.

Let P(x,t) denote the probability of finding an uncovere
or empty interval of length at leastx. It has been shown@2#
that the identityP(x,t)5P(1,t)exp@2kt(x21)# for x>1 is
consistent with the rate equation forP(x). Let G(x) denote
the average gap at either end of an interval of lengthx after
this gap has been filled to saturation. ClearlyG(x)5x for
xP@0,1@ . For x>1, G(x) can be calculated piecewise: su
posing we knowG(u) for u<x21, the probability of de-
positing the first element at positionu in the free interval of
lengthx is du/(x21). After this deposition we are left with
an interval of lengthuP@0,x21# for whichG(u) is known
by hypothesis. Thus we can write the recursive relation

G~x!5H x for xP@0,1@

E
0

x21G~u!du

x21
for x>1.

~7!

At time t the creation rate of gaps of lengthx is proportional
to P(x11) so that the averaged gapg(t) around particles
adsorbed at timet is

g~ t !5

E
0

`

dx G~x!P~x11!

E
0

`

dx P~x11!

5ktE
0

`

dx G~x!e2ktx. ~8!

After some algebra we obtaing(t)51/t for t@1 and
g(t→0)5G(`). From the above calculations, we have n
merically estimatedG(`)50.381 80 . . . .

It is thus not surprising that any structural analysis of
jammed states averaged over the entire configuration, suc
the comparison of the radial distribution function in Ref.@6#,
may not reveal differences existing between RSA and
processes, unless the measurement is done at finite time
a matter of fact, because of their distinguishable kinetics,
do observe a difference between RSA and DA when mea
ing g(t) at jamming, as illustrated in Fig. 4.
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C. The two-dimensional case

Similar but less extensive simulations were performed
the two-dimensional case. The discrepancies between R
and DA become less important, if not to say negligible,
the cased52, because of the rapid establishment of a nea
constant overall rate of deposition and a fast homogeniza
~compared to the deposition time! of the bulk concentration
just above the surface and thus a rate of deposition slo
varying in time and space.

V. CONCLUSION

RSA is a powerful mechanism for representing deposit
of particles on a surface. Details of the transport are
glected. Nevertheless, for deposition from the solutio
which is an important pratical realization of the proce
omission of the diffusive mechanism bringing particles to t
surface overestimates the deposition rate in the intermed
regime. The discrepancy, compared with RSA, increase
D decreases,q increases, andr decreases.

DA and RSA rates converge close to the jamming lim
but the limits themselves are not identical. Qualitatively th
is because diffusion introduces strong lateral correlations
tween successive adsorption attempts. The effect is m
more pronounced in one dimension than in two dimensio
because homogenization of the particle distribution in
bulk volume is more effective in the latter case.
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FIG. 4. Plot of the mean gapg ~in units ofs) around deposited
particles as a function of the coverage corresponding to the ep
of their deposition. The solid line corresponds to the RSA proc
and the squares represent to the DA process with the same pa
eters as in Fig. 2.
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@15# A. Rényi, Publ. Math. Inst. Hung. Acad. Sci.3, 109 ~1958!.
@16# P. Schaaf and J. Talbot, J. Chem. Phys.91, 4401~1989!.
@17# R. M. Ziff, J. Phys. A27, L657 ~1994!.


